SOME RESULTS ON CRUMPLED CUBES(})

BY
LLOYD L. LININGER

Introduction. This paper deals with some problems on crumpled cubes. In [6]
R. H. Bing raised the following questions: (1) Is the union of a crumpled cube
and a 3-cell topologically S3? (2) Under what conditions will the union of two
crumpled cubes sewn together along their boundaries be S3? (3) Under what
conditions will the union of two copies of the same crumpled cube sewn together
along their boundaries by the identity homeomorphism be S3? In [2] Bing proves
that the union of two copies of the Solid Alexander Horned Sphere sewn together
along their boundaries by the identity homeomorphism is S*. In [1] B. J. Ball
proves that there exists a crumpled cube C such that two copies of C sewn together
along their boundaries (not by the identity homeomorphism) is not topologically
S3. In [7] Casler proves that the union of two copies of the Solid Alexander
Horned Sphere sewn together along their boundaries is S>.

In this paper it is proved in §2 that question (1) has an affirmative answer.
This result has recently been obtained independently by Norman Hosay [9].
Using this result, it is shown in §3 that if C is a crumpled cube and B is a unit
ball in E3, then there exists an upper semi-continuous decomposition G of B such
that (1) B/ G is homeomorphic to C, and (2) if g is a nondegenerate element of
G, then g is point-like and the intersection of g with the boundary of B is a one-
point set. Corollary 2 of §3 shows that if C and D are crumpled cubes, S is a tame
2-sphere in S3, and C and D are sewn together along their boundaries, then there
exists an upper semi-continuous decomposition G of S* such that the intersection
of each nondegenerate element of G with S is a one-point set and S3/ G is homeo-
morphic to the union of C and D.

In §4 it is shown that if two copies of a particular ‘‘bad’’ crumpled cube are
sewn together by the identity homeomorphism along their boundaries the result
is 83, and it is shown that if two copies of a particular “‘nice’’ crumpled cube are
sewn together by the identity homeomorphism along their boundaries the result
is not S°.

1. Notation and terminology. If A4 is a set in a topological space, then C1 4 and
Bd A denote the closure and boundary, respectively, of A. If S is a 2-sphere in
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E3, then Int S and Ext S denote the interior and exterior, respectively, of S. The
usual metric for E* is d.

A set C is a crumpled cube if and only if C is homeomorphic to the union of a
2-sphere and its interior in E>.

A space X is a disk-with-holes if and only if X is a disk or there exist disjoint
disks Dy,-:-,D, in the interior of a disk D such that X is homeomorphic with
D —Ji-IntD,.

For terms not defined in this paper the reader may see [4] or [6].

2. The sum of a crumpled cube and a 3-cell. In this section it is proved that the
sum of a crumpled cube and a 3-cell is topologically S*. Theorem 1 is used to obtain
this result. The proof of Theorem 1 given here relies heavily on the Side Approxi-
mation Theorem proved by Bing. For completeness this theorem is stated below.

BING’S SIDE APPROXIMATION THEOREM. For each 2-sphere Sin E*, each positive
number e, and each component U of E® — S, there esists a homeomorphism h
from S onto a polyhedral 2-sphere such that (1) if x is in S, then d(x,h(x)) < e,
(2) there exists a finite collection of disjoint disks Dy,---, and D, on h[S], each of
diameter less than e such that h[S] — U,.’;l D; c U, and (3) there exists a finite
collection of disjoint disks E,,---,and E,,on S, each of diameter less than e such that
S - U}”:l E; is contained in Int h[S] if U is the exterior of S or is contained in
Exth[S] if U is the interior of S [4].

THEOREM 1. If Cis a crumpled cube in E* with boundary S, A is a compact
subset of Int C, and e is a positive number, then there exist a homeomorphism
h’ from C into E* and a polyhedral 2-sphere S’ such that S’ is homeomorphically
within e of S, h’'[C] = IntS’, if x € C then d(x, h'(x))<e, and if x € A then h'(x)=x.

Proof. There exists a positive number e’ such that if T is a 2-sphere within e’
of S,then A cIntT. Let e” denote (1/11)min{e, e’,(1/10)diam C}. Since S'is a
2-sphere, then by Bing’s Side Approximation Theorem, there exists a polyhedral
2-sphere S, such that (a) S; is homeomorphically within e¢” of S, (b) there exists
a finite number of disjoint disks E, ---, and E,, on S;, each of diameter less than e”,
such that CI(S; — U}"=1E,~) is contained in ExtS, and (c)ithere exists a finite
number of disjoint disks D, ---,and D, on S, each of diameter less than e”, such that
C1(S —|Jr1 D)) is contained in Int S, . For each i, i = 1,2,--, m, let K, denote
a polyhedral disk such that (a) Bd K; = Bd E;, (b) K; — Bd K is contained in Ext S,
(©) Sy — U1 E) V(| Ji~1 K)) is a 2-sphere S’, and (d) S’ is homeomorphically
within e” of S.

It will be shown that there exist a polyhedral 3-manifold-with-boundary M
and a homeomorphism h with the following properties: (1) (S UIntS) = Int M,
(2) for each i, i =1,2,---,m, no simple closed curve in M links Bd E;, (3) if D’:
is a polyhedral disk such that Bd E; = Bd D; then there does not exist a 2-sphere
in M that contains D; in its interior, (4) M — S’ has one and only one component
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V with diameter more than one half the diameter of C, (5) S’, S;, and M are in
relative general position, (6) if W is a component of M N S’ such that W does not
separate M, and W,, W,,---,and W, are components of M NS’ such that (i) Uf‘= W,
does not separate M, (ii) | Jf-, W; U W does separate M, and (iii) W U | Ji—, W,
is contained in some component of C1(M — V), then there exists a simple closed
curve J in M such that J intersects | J*_, W, in a one-point set, J intersects W
in a one-point set, and the diameter of each component of J NV is less than
e, (7 if xisin VN IntS,, then h(x) = x, (8) h is from M into IntS’, and (9) for
each x in M, d(x, h(x)) is less than 11e". This will complete the proof of Theorem
1 since if A’ denotes the restriction of A to C then h’ and S’ satisfy the conclusion
of Theorem 1.

There exists a positive number e, such that if T is a triangulation of E* with
mesh e;, N is the union of all 3-simplexes of T which intersect C, and M is the
union of all 3-simplexes is the 2nd barycentric subdivision of T which intersect
N, then M will be a polyhedral 3-manifold-with-boundary which satisfies properties
(D-(6).

The proof that there exists a homeomorphism 4 from M into Int S’ that satisfies
conditions (7), (8) and (9) is broken into three parts. Let Fy, ---,and F, be the compo-
nents of M — V. In Part I it is proved that if for some j, there exists a positive
integer i less than or equal to p such that (C1V) N F; is contained in K;, then
there exists a homeomorphism h; from M into E* such that h[F;] < IntS’,
h[M] satisfies conditions (1)-(6), if V' is the large component of h[M]—S’,
then h[M]— V' has at most p — 1 components, and if x is in ¥V N IntS, then
hy(x) = x. In Part II the following is proved: If for each j such that j < p, there
does not exist an integer i such that F;ClV is contained in K, then there
exists an integer k, 1 < k < m, and a homeomorphism h, from M into E* such
that h,[M] satisfies conditions (1)-(7), if V" denotes the large component of
hy[M] —S’, then h,[M] — V" has at most p components, and h,[F,]NCIV”
is contained in K. In Part III, by using induction and Parts I and II it is shown
that there exists a homeomorphism h with the desired properties.

ProOF OF PART I. In this part, it is supposed that for some j, there exists an integer
i such that (C1¥) N F; is contained in K;. A homeomorphism h; from M into E>
will be constructed such that h,[F;] = IntS;, h,[M] satisfies conditions (1)-(7),
and if ¥’ denotes the large component of h[M] — S’ then h[M] — V' has at
most p — 1 components.

Let X },---,X,lm be the distinct components of F; — K; such that for each u,
CIXHNnClv# &, and if W is a component of F;— Kj such that
(CIW)NCIV # &, then there exists a z such that W = X!, Let X2 ---, and X,(z)
be the distinct components of F; — C1(K U[U'“) X}]) such that for each u less
than or equal to #(2), (C1X3) N CI(V UU"” X}) #. Since F; — K has only a
finite number of components, there exists an integer r such that if the above
process is continued, for each u and w, X} #¢ and F; =CI({J, -, J¥) XV
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For each u and w such that w is greater than 1, (CIX})NCI( TP Xxp~*
isa collection of disk-with-holes. Let Y,,,;, -+, and Y4, ,, denote the components
of (CIX) N (CILUJ;%: "X}~ ']) and let Y,, denote | J{;*Y,,;. For each w, u
and z, let T,,,, be a disk in K such that (1) Yw,,z <T,.,and (2)BdT,,, < Bd Y,,,.
Let T,,. be a slight thlckenmg of T,,, with the following properties: (1) T,
is polyhedral and topologically equivalent to T,,, x [0,1], (2) T, is disjoint
from the O-skeleton of M, and (3) If T,,, < T,,. then T,,, <IntT,,,. Let T,,
denote U"(W " T, let TL,, denote the component of T, — K; that intersects
Ui DXy, let T, denote U"(w “T!.., and let T% denote U'(W) T... The
remainder of the proof of Part I is now broken into two steps.

Step 1. In Step I the following is proved: There exists a homeomorphism f;
from M into E* with the following properties: (1) f; [M] has properties (1)-(7),
(2) If V' is the large component of f; [M] — S’, then f;[M] — V' has at most p
components, (3) f;[F;] is contained in (IntS") U(F, —CIX})UT,,, and
(4) If k# 1, then either (f;[Cl1 Xy DN K; =f;[(CIX;)N K] or (f,[ClL XY DN K;=(F.

PrOOF OF STEP I. Casel. Y, =Y, ,.Let Y denote the disk on the boundary
of T, that is disjoint from K; and corresponds to Y, . See Figure 1. A homeo-
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FIGURE 1

morphism f; is constructed as follows: Let Wy,---, and W, ,, be the components
of M —BdT,;, and assume Int S; N\ V is contained in W, and X} = W,. If x is
in W, then f,(x) = x. If (C1W,) UInt T,,); = and W, is contained in the unbounded
component of E*> — (T,,; U(C1XY)), then fi(x) = x. If W= {W;:W;nInt T, =&
and either W, = W, or W, is not contained in the unbounded component of
E*—(T,, U(CIXY}))} and W' = U{ClWi: there exists an integer s such that
W,e W and CIW, UCIW, #J}, then f;[W'] is contained in T, and f; leaves
W' pointwise fixed on Bd T,,;. Each of the remaining W, ’s (if there are any) is
contained in T,); and the homeomorphism f; can be extended to them as shown
in Figure 2.

Case 2. Y, =Y, Y-+ U Y,15m.1)- There exists a simple closed curve J on
Bd M such that (1) J = CI(V U2 Ui®; X5), (2) The diameter of each compo-
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FIGURE 2

nent of JUV is less than e, and (3) JN Y, , is a one-point set, and it can be
assumed that J N Y,,,, is a one-point set while J is disjoint from each of Y,13,**
and Yu1qw,1y. Shrink F, slightly so that J N F; misses the modified F, and if
J intersects ¥, pull J off V slightly. See Figure 3. Then there exists a homeomor-
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FIGURE 3

phism f* from the modified M into E* with the following properties: (1) If x
isin M — T,,, then f*(x) =x, (2) f* maps T,;, N [modified M] as shown in
Figure 4. Note that J N (E* — T,,,) is the center of f*[T,;, N modified M]
N (E®—-T,,,), and (3) f*[modified M] satisfies conditions (1)-(7), and if V*
is the large component of f*[modified M] — S’, then f*[modified M] — V*
has at most p components. After g(w,1) — 1 repetitions of this argument, the
modified Y, is contained in Y. See Figure 5. An argument like the one given
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in Case 1 using T, in place of T,,; gives the existence of a homeomorphism
f1 with the desired properties. This concludes the proof of Step I.

It follows that there exist homeomorphisms f,, -+, and f,,, satisfying the following :
(1) fiwy -+ f2f1 is a homeomorphism from M into E*, (2) fy, - fi1[M] satisfies
conditions (1)-(7) (3) If V" is the large component of f,,---f;[M] — S’ then
Jiowy-f1[M] — V" has at most p components, and (4) fy,, - f; [M] is contained in

M = [ X7 VUi Tow.

Step II. In Step II it is proved that there exists a homeomorphism h; from
M into E® such that h[F;] = IntS’, h[M] satisfies conditions (1)-(7), and if
V' is the large component of h;[M]— S’ then K; [M] — V' has at most p —1
components, This will conclude the proof of Part 1.

Proor oF STeP II. Using an argument similar to the one given in Step I, it
can be shown that there exists a homeomorphism f, .+, from f,, - fi[M] into
E? with the following properties: (1) Siowy+1 - f1[M] satisfies conditions (1)-(7),
(2) Each component of fy,,--f;[M] — K; that intersects X} ' is mapped into
M -TU X2 Xy DU P Tl-1 Y Ty], and (3) If V" is the
large component of f, .+ fi[M]—S" then f 4y fi[M]— V" has at
most p components. After #(1) + #(2) + --- + t(w — 1) — 1 additional repetitions
of this argument the homeomorphism A; is obtained. Since h,[F;] is contained in
the union of T’ and a small neighborhood of V, it follows that h,[ F;] is contained
in Int S’.

PArT II. In this part, it is supposed that for each integer j less than or
equal to p, there does not exist an integer i such that F,ClV is contained
in K;. It is shown that there exist an integer k, 1 < k < m, and a homeomorphism
h, from M into E* such that (1) h;[M] satisfies conditions (1)-(7), (2) If V"
denotes the large component of h,[M] — S’ then h,[M] — V" has at most p
components, and (3) h;[F,] UCIV” is contained in K,.

PRrOOF OF PART II. An argument similar to the one given in the proof of Part I,
Step I, Case 2 shows that there exists a homeomorphism h, from M into E* such
that h, has the desired properties

PArT III. In this part, it is shown that there is a homeomorphism h which
satisfies the conclusion of Theorem 1.

PrOOF OF PART III. Assume the F,’s are indexed so that there exists an integer
u,1 < u < p, with the property that if i < u then there exists an integer k, 1 £ k < m,
such that F; N C1V is contained in K, and if i = u then there does not exist an
integer k, 1 < k < m, such that F, " C1V < K,. If u is greater than 1, apply Part I
to F; and obtain a homeomorphism h, from M into E3 that maps F, into Int S’.
Then apply Part I to h,[F,] obtaining h,. Continue this process to obtain homeo-
morphisms h3, -+, and h,_,. Then by applying Part II to h,_, --- h, [F,], a homeo-
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morphism h, is obtained, and the results of Part I are then applied to h,--- hy[F,]
to obtain h,, .. Then by using Part I or Part II, depending upon h,, -+ hy[F,+ ],
a homeomorphism h,,, is obtained. Continue this process. Let h denote the
composition of the h;’s. Clearly h satisfies conditions (1)-(8). Condition (9)
follows since for each i less than or equal to p, the diameter of F; is less than
5¢”, the diameter of h[F;] is less than 5e”, and h moves no point of ¥V more than
e”. This concludes the proof of Theorem 1.

THEOREM 2. If C is a crumpled cube in S* and e is a positive number, then
there exists a homeomorphism h from C into S* such that the closure of S* — h[C]
is a 3-cell and if x belongs to C then d(x,h(x)) is less than e.

Proof. Let f be a positive sequence such that the series whose sequence of
terms is f converges to a number less than e, and let C,, C,,-:- be a sequence of
closed sets such that for each i, C; = IntC;,, and U{’il C; =IntC. Let S denote
the boundary of C.

By Theorem 1 there exists a polyhedral 2-sphere S; and a homeomorphism
h, from Cinto S such that S, is homeomorphically within f(1) of S, h,[C] < IntS,
if x e C then d(x, h,(x)) <f(1), and if xe C, then h,(x) = x.

Let e, denote (1/3) min {f(2), d(Sy,h,[S])}. Then by Theorem 1 there exists
a polyhedral 2-sphere S, and a homeomorphism hj from h;[C] into S* such
that S, is homeomorphically within e, of h,[S], h3h,[C] = IntS,, if xe h,[C,]
then h5(x) = x, and if x e h,[C] then d(x,h;(x)) < e,. Let h, be h3h,. It follows
that h, maps C Int S,, if x e C then d(x, h,(x)) <f(1) +f(2), and S, = IntS,.

Proceeding by induction, there exists a 2-sphere S, and a homeomorphism #h,
from h,_,[C] into S® such that S, is homeomorphically within f(n) of h,_,[S],
hoh,_,[C] =IntS,, if xeh,_,[C,] then h,(x)=x,S,<IntS,_,, and if
x€h,_,[C] then d(x, h,(x)) <f(n). Let h, be h,h,_,.

The sequence hy, h,, -+ is uniformly convergent. Let h be the limit of hy, h,,---.
It follows that h is uniformly continuous and into S>.

It is to be proved that h is one-to-one.

LEMMA 1. The restriction of h to the interior of C is one-to-one.

Proof. Suppose x and y are distinct points in Int C. There exists a positive
integer j such that x and y are in C;. Hence for each integer k = j, h(x) = h(x),
h(y) = hi(y), and hi(x) # hi(y). Then h(x) # h(y).

LeMMA 2. For each x in h[IntC], lim h;!(x) exists and is equal to h ~'(x).

Proof. Sup{d(h;'(x), h 1 (x)): x in h[C]} £f(i). Hence the sequence
hi',h3',--- is uniformly convergent on h[C] and therefore, for each x in h[C],
lim h; * (x) exists. Suppose x belongs to h[IntC]. By Lemma 1 there is one and
only one point yin Int C such that h(y) = x or y = h™*(x). There exists a positive
integer j such that yeC;, hence h(y)=h,(y) and lim b~ '(x) =h;'(x) = y.
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LEMMA 3. The function h is a homeomorphism from C.

Proof. It suffices to show h is one-to-one from C. Suppose h is not one-to-one.
Then there exist distinct points x and y in C such that h(x) = h(y). Let x;,x5,:-*,
and y,,y,, -+ be sequences such that for each i, x; and y; belong to Int C, the
sequence {x;} converges to x, and the sequence {y;} converges to y. Then the
sequence {h(x;)} converges to h(x) and the sequence {h(y,)} converges to h(y)
which is equal to h(x). Let e’ be a positive number less than d(x, y)/2. Since h is
uniformly continuous on h[IntC], there is a positive number r such that if
d(p,q) <r, then d(h™*(p),h ' (q)) < e'. But there exists a positive integer i
such that d(h(x;),h(y;)) <r and d(x;,y;) > e’. This is a contradiction.

LeMMA 4. If x belongs to C then d(x,h(x)) is less than e.

Proof. d(x, h(x))< lim,_, o (d(x, hy(x))+d(hy(xX), hy(x))+ -+ +d(h, - 1(x), h,(x)))
< X2 fl)<e

LemMA 5. The closure of S*—h[C] is a 3-cell.

Proof. For each positive integer i, S; is homeomorphically within f(i) of
h;_,[S] and h;_;[S] is homeomorphically within X52,f(j) of h[S]. Therefore S,
is homeomorphically within f(i) + 2;%,f(j) of h[S]. For each positive integer i, S,
is a polyhedral 2-sphere in Ext h[C]. It follows from Theorem 2.1 of [5] that the
closure of S*—h[C] is a 3-cell. This concludes the proof of Theorem 2.

3. Crumpled cubes as decomposition spaces. The following definitions and
terminology will be used in §3. If r is a positive number, B(r) will denote the ball
in E* with center at the origin and radius r. If S and T are 2-spheres in E* and
S < Int T, then [S, T] will denote Cl(Int T — IntS). Suppose r and s are positive
numbers and r <s. A cellular subdivision {E,,---,E,} of [Bd B(r),Bd B(s)] is a
canonical subdivision of [Bd B(r), Bd B(s)] if and only if there exist disks
D,,--+,and D, on Bd B(r) such that (1) for each i, there exists a j such that if p is in
E;, then there exists a point ¢ in D; and a real number c¢ such that p = ct, (2) if
i#j and D;N D; is nonempty, then D;N D; = BdD,NBdD;, (3) for each i,
E; N B(r) is nonempty, and (4) for each i and j, the diameter of D, is at most
twice the diameter of D;. Suppose S, and S, are tame 2-spheres in E* and S,
is contained in Int S;. A cellular subdivision {E,,---,E.} of [S,,S,] is an A-sub-
division of [S,,S;] if and only if there exists a homeomorphism h from [S,,S,]
onto [Bd B(1), Bd B(2)] such that {h[E,],---,h[E,]} is a canonical subdivision
of [Bd B(1), Bd B(2)]. If X is a topological space and G is an upper semi-continuous
decomposition of X, then X /G will denote the decomposition space associated
with G.

THEOREM 3. If C is a crumpled cube and CI(S® — C) is a 3-cell, then there
exists an upper semi-continuous decomposition G of B(1) such that the intersection
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of each nondegenerate element of G with the boundary of B(1) is a one-point
set, each nondegenerate element of G is point-like, and B(1)|/ G is homeomorphic
to C.

Proof. Let S denote the boundary of C, and let e, denote min{1,1/10
diameter of C}. There exists a polyhedral 2-sphere S, in Ext S such that S, is
homeomorphically within e; of S. Now let e;; be (1/2)d(C,S,). By the Side
Approximation Theorem there exists a polyhedral 2-sphere S, with the following
properties: (1) Sy, is homeomorphically within e, of S, (2) there exist disjoint disks
Dyy,+--,and Dy, on S, each of diameter less than e, ;, such that C1(S — U;’S}Dli)
is contained in Ext S, ;, and (3) there exist disjoint disks K, -, and K;,,;y on S,
each of diameter less than e,;, such that CI(S;, — | J/“}’K},) is contained in
Int S. Let e;, denote

(1/3)min {min{d(Dy;,Dy;): i#j, 1Si £ n(1),and i<j<n (1)},
min {d(Ky;, K;p):i# j, 1<i<m(l), and 1 <j<m(1))},

min {d(Dy;, Sy — 40K ): 1S i< n(D)}}.

Let T, be a triangulation of S* with mesh less than e, ,, let N be the union of all
3-simplexes of T which intersect [S,S;], and let M, be the union of all 3-simplexes
in the 2nd barycentric subdivision of T which intersect N. Then M/, is a polyhedral
3-manifold with boundary and it can be assumed that M, and S, are in relative
general position.

Let M, denote the union of M, and [S,,S,]. Now M, —[S,,,S,] has a
finite number of components, and let Fyy,---, and F,,;, be the components of
Cl(M; —[S11,S,]). It follows from the Side Approximation Theorem that for
each i, Fy; has diameter less than 4e, + 2e,, which is less than Se;.

There exists an A-subdivision {E;,--:,Eq,1,} of [Sy4,S;] such that (1) for
each i, i < n(l), there exists a positive integer j such that Bd D,; = IntE,;, and
(2) for each i, i < q(1), the diameter of E,; is less than 5e,. Let A and A,
i<q(1), be defined as follows: Af = |J{X:X € {E;y, ,Eqq)} or
Xe{Fyy,,Fy,y} and d(X,E;) <e;} and A,; is the component of A that
contains E;;. Note that for each p in S, there exists an integer j such that p is in
Ay ;. For each pin S, denote U {A;;: pe Ay;} by A,,. Now for each i, the diameter,
of Ay; is at most 17e,, hence for each p, the diameter of 4,, is at most 34e, .

Then there exists a homeomorphism k; from S, UIntS, onto B(1.1) with the
following properties: (1) hy[[S;4,S,]] =[BdB(.9),BdB(1.1)], (2) h,[C] is
contained in IntB(1.01), and (3) {hy[E;;],"-,h4[E,4)]} is a canonical sub-
division of [Bd B(.9),Bd B(1.1)] into g(1) cells.

Now M, is a 3-manifold-with-boundary and S is a compact subset in Int M, .
It follows that there exists a positive number e, 5 such that, if Q is a set with diameter
less than 34e,; and the intersection of Q with S exists, then there exists a cell R
such that QcIntRcRcIntM,.
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Let e, denote min {d(S,BdM,),e,3,1/4}. There exists a polyhedral 2-sphere
S, in Ext S such that S, is homeomorphically within e, of S. Let e,; be
(1/3)min{d(S, S,), min {d(BdD,;,BdE;): Bd D,; = Int E, ;}}. By the Side Approxi-
mation Theorem there exists a polyhedral 2-sphere S,, such that (1) S,, is homeo-
morphically within e,, of S, (2) there exist disjoint disks D,, ---,and D,,,,0on S, each
of diameter less than e, such that C1(S— | J{®} D,,) = Ext S,,, and (3) there exists
disjoint disks K;;,+,and K,,,;y on S,,, each of diameter less than e,,, such that
CI(S;, — | JPK,) < Int S. Let e,, denote

(1/3) min { min {d(D,;, D,):i#j, 1<2i<n(2), and 1= =< n(2)},
min {d(K,;, K,j): i#j, 12i<m(2),and 1)< m(2)},
min {d(Dy;, S, —|J/%PK2): 1S i< n())}}.

If My, ={z:2€S, UIntS, and d(z,ExtS) < e,,} then in the same way as M,
was obtained, a polyhedral 3-manifold-with-boundary M,, exists such that
[S,S,] = IntM,, and M,, = M5,. It can be assumed that M,, and S,, are in
relative general position. Let M, denote the union of M,, and [S,,,S,]. Now
M, —[S,,,S,] has a finite number of components, and let F,;, -, and F,,,, be
the components of CI(M, — [S,,,S,]). It follows that for each i, the diameter
of F, is at most 5e,. It follows from the definition of M, that
ScIntM, c M, < IntM; and that {x: xe C and d(x,S) > e,,} is disjoint from
Int M,.

There exists an A-subdivision {E,;, -+, E3,2)} of [S;,,,] such that (1) for each
i, 1 £ i< n(2), there exists a positive integer j such that Bd D,; = IntE,;, (2) for
each i, 1 <i = q(2), the diameter of E,; is less than Se,, and (3) q(2) = 44(1).
Let A and A, be defined as follows: A% =|J{X:Xe{E,, ", Ez )} or
Xe{Fyy, -, Fap2)} and d(X,E;) <e,} and A,; is the component of A3 that
contains E,;. For each p in S, there exists an integer j such that p is in 4,;. For
each pin S, denote U{AZi : pe Ay} by Ay, . Note that for each pin S, the diameter
of A,, is at most 34e,. It follows that for each p in S, 4,, = Int 4,,. Furthermore,
if pe[S11,S1] and Z,, is the component of 4,; N [S;,,S,] that contains p, then
[S22,S,]1 N A4, is contained in Z,, and for each p in S, there exists a 3-cell C,,
such that 4,, cIntC,, = C,, cInt4,,.

Now S, N {{J!Y)BAE,;} exists and has one and only one component with
diameter greater than 1/2 the diameter of C. Denote this component by W,.
It follows that for each i, 1 < i < q(1), the intersection of W, and E,; exists.

There exists a homeomorphism h, from S, UIntS, onto B(1.01) with the
following properties: (1) h,[[S,,,5,]] = [BdB(.99),Bd B(1.01)], (2) h,[C]
is contained in IntB(1.001), (3) if xe W, then h,(x) is equal to the radial
projection of hy(x) onto Bd B(1.01),(4) if x is in C — M,, then h,(x) = h,(x),
(5) h, differs from h; only at points close to [S,,, S,], and (6)
{h,[E2;],+++,h;[Ezg2)]} is a canonical subdivision of [BdB(.99),Bd B(1.01)].
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The process is continued by induction. Hence for each positive i, e;, ¢;;, e;,,
€i-1)3» Si» Siis Digs ""Din(i)’ Ky, "'sKim(i)a M, M;, Fy, ""Fir(i)’ E,, ""Eiq(i)’
Al Ay Ains s Aigys Apis Zp-1ys Cpis Wi, and h; are defined inductively
as follows: (1) Since S is contained in Int M;_,, there exists a positive number
ei-1y3 such that if Q is a set of diameter less than 34e;_;,; and the intersection
of Q with S exists, then there exists a 3-cell Rsuchthat Q c IntRc Rc IntM;_,.
(2) Let e; be (1/3)min {e;_yy3,2 ", d(C,Bd M;_,)}. (3) S;is a polyhedral 2-sphere
in Ext S such that S; is homeomorphically within e; of S. (4) Let ¢;; be
(1/3)min {d(C, S;), min {d(BdD;_y,;, E;-1y) : BdD;_yy, c IntE;;_ 3 }}. (5) Syyis a
polyhedral 2-sphere that is homeomorphically within e;; of S, such that there
exist disjoint disks Dy, -+, and Dy, on S, each of diameter less than e;;, with the
property that CI(S — U}“:i)l D;j) is contained in Ext Sj;, and there exist disjoint
disks K;; , -+, and K;,,;, on S;;, each of diameter less than e;; , with the property that
CI(S;; — I K;)) is contained in Int S. Such a 2-sphere exists by Bing’s Side
Approximation Theorem. (6) Let ¢;, be

(1/3) min{min{d(D,,, D;;): u#v, 1 Zu=<n(), and 1=v =< n(i)},
min{d(K;,, K;,): u#v, 1 <u=<m(), and 1=v=m()},
min {d(Dill’ Sii - Ujm=('1) Kij): 1 é u é n(i)}} *

(7) Let M;; be {x:xeS; UlInt S;and d(x,ExtS) < e;,} and let M;; be a polyhedral
3-manifold-with-boundary such that [S,S;]cIntM;; and M;cM;;. It is assumed
that M;; and S;; are in relative general position. (8) Let M; be the union of M;; and
[Sis Si]. (9) The closure of M; — [S;;, S;] has a finite number of components,
and let F;y , ---, and F,,;, be the components of C1(M;—[Sy;, S;]). (10) {E;; , -+, E; 5}
is an A-subdivision of [S;;, S;] such that (a) for each j, 1 < j < n(i), there exists
a k such that Bd D;; < Int Ey,, (b) for each j, 1 <j < q(i), the diameter of E;, is
less than Se;, and (c) q(i) = q(i — 1). (11) For each j, 1 <j < q(i), A} and Ay
are defined as follows: Af; = U{x: xe{E;, -, Eyu} or xe{Fy,,F,;} and
d(x,E;)) < e;}, and A;; is the component of A7} that contains E;;. (12) For each
pin S, let 4, be U{Aij: peA;;}. (13) For each pin S, if pis in [S;, S;] then
Z,i-1) is the component of 4, N [S;;, S;] that contains p. (14) For each pin S,
C,; is a 3-cell that contains 4, in its interior and is contained in the interior of
M;_,. (15) W, is the component of S;N{{ J!¢7VBdE,_,);} with diameter
greater than (1/2) diam C. (16) h; is a homeomorphism from S; UInt S; onto
B(1+107%) such that (a) h[[S;,S.]J]=[BdB(1 —10"%), BdB{ +107%],
() h[C] = IntBA —107""Y), (c) if xe W;_, then h(x) is equal to the radial
projection of h;_,(x) onto Bd B(1 + 107%), (d) if x is in C — M, then hy(x) = h;_,(x),
(e) h; differs from h;_, only at points close to [Si, Si], and (f) {hi[Eil], s B Eqyy]}
is a canonical subdivision of [Bd B(1 — 10™*), Bd B(1 + 107%)].

1t follows that B(1) = n?: 1h[S; UIntS;]. Let G be the following decomposi-
tion of B(1): G = {g: either (1) for some point p of B(1) there exists a positive
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integer n such that p¢ h,[M,] and g = {p}, or (2) there exists a g in S such that
g= n‘,?":l h[A,]}. Then G is an upper semi-continuous decomposition of B(1).
It follows from the way the A4,;’s and the h;’s are defined that the intersection of
each nondegenerate element of G with the boundary of B(1) is a one-point set.

If g is a nondegenerate element of G, then there exists a g in S such that
g =21 hlA,]- But (21 h[4,] is equal to ()72, h[C,]. Hence g s point-like.

Define a function h from C into B(1) / G as follows: If x € Int C, h(x) = {lim hy(x)}
and if xe S, h(x) = ﬂ{“;lhi[Ax,»]. Then h is one-to-one. If not, there exist points
p and g in C such that p # g and h(p) = h(q). Clearly, neither p nor g can be in
Int C. If p and q are in S then there exists an integer n such that 4,, and 4,, are
disjoint, and hence h,[A4,,] and h,[A,] are disjoint. This is a contradiction.
Clearly h is onto B(1)/G and h is a homeomorphism on Int C. To show h is a
homeomorphism it suffices to show & is continuous at each point of S. Suppose
pisin S, {a;} is a sequence in C, and {a;} converges to p. If U is an open set in
B(1)/ G that contains h(p), then there exists a positive integer k such that h,[A4,]
is contained in U. Since {a;} converges to p, all but finitely many of the a,’s belong
to A,;. Therefore all but finitely many of the h,(a;)’s belong to h,[4,;]. By the way
the h;’s are constructed, if j =i and hya;) e hj[A4,], then hja;)eh[A4,], and
hence all but finitely many of the h(a;)’s belong to U. Therefore h is continuous
at p and h is homeomorphism.

COROLLARY 1. IfCis a crumpled cube then there exists an upper semi-continuous
decomposition G of B(1) such that the intersection of each nondegenerate element
of G with the boundary of B(1) in a one-point set, each nondegenerate element of
G is point-like, and B(1)/G is homeomorphic to C.

Proof. This follows directly from Theorem 2 and Theorem 3.

COROLLARY 2. If C and D are crumpled cubes, S is a tame 2-sphere in S,
and C and D are sewn together along their boundaries, then there exists an upper
semi-continuous decomposition G of S* such that the intersection of each non-
degenerate element of G with S is a one-point set and S* |G is homeomorphic
to the sum of C and D.

4. Two examples.

ExampLE 1. In [3] Bing constructed a 2-sphere S with the property that
S is wild at each point and one of the complementary domains of S — S is an
open 3-cell. In this example, it is shown that if C is the union of S and the “‘bad”’
complementary domain of S* — S then the union of two copies of C sewn together
along their boundaries by the identity homeomorphism is topologically S3.

The notation and terminology used will be the same as that used by Bing in [3].
Let X denote the sum of two copies of C sewn together along their boundaries
by the identity homeomorphism. An upper semi-continuous decomposition G of
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S3 will be described. It will then be shown that X is homeomorphic to S*/G and
S*/G is homeomorphic to S°.

A decomposition of S*. Let S’ denote {(x,y,z): x =0} U{c0}, and let f be
the homeomorphism defined by f(x,y,z) = (—=x,y,2) if (x,y,z)€E*> and
f(e0) = 0. Let f; be a homeomorphism from S* onto S such that f;[S,] = S’
and for each i, 1 £ i < n, let 4; denote f,[T;] Uff,[T;]. Let f, be a homeomor-
phism from S* onto S* such that f,f,[S;]=S" and if xeS*—|J/~; 4; then
fo(x)=x, and for each i and j, 1Si<n, 1<j=<15, let A;; denote
flTy1Vffo[Ti]. The process is continued by induction. Let A, be
U4 n (U4 0 -+ 1t is assumed that the f;’s are defined so that
each component of A4, is a tame arc that intersects S’ in a one-point set.

Let G denote {g: g is a component of A4, or there exists a p in S* — 4, such
that {p} = g}. Then G is an upper semi-continuous decomposition of S* and
S*/G is homeomorphic to X.

To prove that S*/G is homeomorphic to S* it will be assumed that S* is
{(x, y, z,w): |x| + |y| + |z| + |w| =1} and S" is {(x,y,2z,w): x,y,z,w)esS?
and w =0} .

If B is the homeomorphic image of A; then B;; will denote the homeomorphic
image of A;;, B;;, denotes the homeomorphic image of 4, etc.

LEMMA 6. If B is the homeomorphic image of A, in S*, F,,---,F, are
polyhedral disks such that (1) for each i, 1 £i<m, if C is a component of
F; N B then C is a polyhedral disk , Int C< Int B, and B — C has exactly two
components, the closure of each being a solid torus, and (2) for each pair of
integers i and j, 1<i<m, 1<j<m, and i+ j, some component of B—F;
contains BN F; and some component of B — F; contains BN F;. Then there is a
homeomorphism h and a positive integer j such that h is from S* onto S°, if
x€S® — B then h(x) = x, and for each B, ;,, h[B;,. ;] intersects at most one of
the elements of {Fy,---,F,}.

Proof. Let Q(m) be the statement that Lemma 6 is true if there are m elements
in{Fy,---,F,}.

If h is the identity homeomorphism and j =1 then Q(1) is true.

Assume Q(k) is true for k < m — 1. Suppose F,,---,F,, are polyhedral disks
that satisfy the hypotheses of Lemma 6. Let {C,,---,C,} be the set of components
of (UF,.) N B and assume the numbering is such that for each j, 2<j<k—1,
Ui< ;C; and U, ; C; are in different components of B — C;. Then there exists
integers r, s, t and v such that U,.'=1C,.= F,N B and U;":,Ci = F,N B. Then
there exist a homeomorphism k' such that (1) h’ is from S onto S3,(2)if xe S* — B
then h'(x) = x,(3)foreach i and j, 1 £j <15, and 1 £i < m, if C is a component
of h'[B;]JN F;, then C is a polyhedral disk, Int C = Int B, and h’[B;] — C has
exactly two components, the closure of each being a solid torus, (4) for each triple
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of integers i, j, k, 1Si=<m,1<j<m,1 k=15, and i # j, such that F; and
F; intersect h'[B,], some component of h'[B,] — F; contains F;Nh'[B,] and
some component of h'[B,] —F; contains F;Nh'[B,], and (5) for each k,
1< k=15, h'[B,] intersects at most m — 1 of the elements of {F,---,F,}.
Hence for each k, 1 < k < 15, there exists an integer z < m — 1 such that h'[B,]
satisfies the hypotheses of Lemma 6 and h’[ B,] intersects at most z of the elements
in {Fy,---,F,}. Therefore there exists a homeomorphism A, and an integer j(k)
such that h, is from S* onto S3, if xe S® — h’[B,] then h;(x) = x, and for each
h'[Bi,. i, 4,1 B[ B [Bi,. i, 4, 1] intersects at most one of the elements in {F ,---, F,,}.
Let h=h.h,---h;sh’ and let j = max {j(k): 1 £k <£15}. Then h and j satisfy
the conclusion of Lemma 6. Hence Q(m) is true, and the Lemma is proved.

LEMMA 7. If B is the homeomorphic image of A; in S®and P,,---,and P,, are
disjoint polyhedral 2-spheres in S*, then there is a homeomorphism h and a
positive integer q such that h is from S* onto S3, if xe S® — B then h(x) = x,
and for each B; _ ; , h[B; ;] intersects at most one of the elements in
(P, P,}.

Proof. There exists a homeomorphism k from S onto S®such thatif xe S* — B
then k(x) = x, for each i and j, 1 <j <15, and 1 £i < n, k[B;;] is polyhedral
and k[B;;], Py,-:-, and P, are in relative general position, and for each i and j,
1<j=<15,and 1 <i=<n, if Cis a component of k[B;;] N (U,f';l P,),then Cisa
polyhedral disk, Int C < Int k[B;;], and k[B;;] — C has exactly two components,
the closure of each being a solid torus. Let {F,,---,F,} be the collection of
components of (| J;2, k[B, ) N (| Ji=1 P)-

Lemma 7 then follows from Lemma 6.

Suppose the 2-spheres P, ,---, and P,, in the hypothesis of Lemma 7 satisfy the
following conditions: (1) For each r, 1 < r < m, there exists a real number #(r)
such that P, = {(x,y,z,w): (x,y,z,w)eS> and w=1(r)} and (2) For each r,
2=r=m, t(r)>t(r — 1). If v is a real number such that for eachr,2 <r < m,
H(r) — t(r — 1) < v, then the homeomorphism h in Lemma 7 can be constructed
such that if M is a subset of h[B;, ; ], then the diameter of M is less than 3v.
Therefore Lemma 7 can be strengthened to obtain the following result.

LemMmA 8. If B is the homeomorphic image of A; in S and e is a positive
number, then there exists a homeomorphism h and a positive integer q such that
his from S* onto S*, if x€ S* — B then h(x) = x, and for each B;, _,,, the diameter
of h[B,,. ] is less than e.

THEOREM 4. If G is the upper semi-continuous decomposition of S* whose non-
degenerate elements are the components of A,, then S*| G is homeomorphic to S>.

Proof. It follows from Lemma 8 that for each positive integer j there exists a
homeomorphism ¢; and an integer q(j) such that ¢; leaves S® - UAilm,- , pointwise
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fixed, and for each nondegenerate element g of G the diameter of ¢,[g] is at most
1/j. It follows that S® is homeomorphic to S3/G.

EXAMPLE 2. A ‘‘nice’’ crumpled cube D with the property that the union of
two copies of D sewn together along their boundaries by the identity homeo-
morphism is not homeomorphic to S3.

Description. Let P be the 2-sphere {(x,y,z)eE>: x=0}U{w} and let
K be the 3-cell {(x,y,z)eE*: x 20} U{oo}. Let J be the Fox-Artin arc of
Figure 6, contained in Int K except for its left endpoint which lies on P. Let G’

N

o,
O

FIGURE 6

be the upper semi-continuous decomposition of S* whose only nondegenerate
element is J. Since J is cellular, S* /G’ is homeomorphic to S® and the projection
map ¢ from S* onto S*/ G’ is a homeomorphism on P. Hence ¢[K] is a crumpled
cube.

Let G be the upper semi-continuous decomposition of S* whose only non-
degenerate element is U{(x, y,2): ( |x|, y,z)€J}. Then S*/G is homeomorphic
to the union of two copies of ¢[K] sewn together along their boundaries by the
identity homeomorphism. It follows from Example 1.3 of [8] that S*/G is not
homeomorphic to S*.
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